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Earth’s oblateness is varying due to the redistribution of Earth’s fluid mass and the interaction of various
components in the Earth system. Nowadays, continuous Global Positioning System (GPS) observations
can estimate Earth’s oblateness (J») variations with the least squares method, but are subject to ill-
conditioned equations with limited GPS observations and aliasing errors from truncated degrees. In this
paper, a Tikhonov regularization method is used to estimate J, variations from global continuous GPS
observations. Results show that the J, has been better estimated from GPS observations based on a

gg’tﬁ?srgilateness Tikhonov regularization method than the usual least squares method when compared to SLR solutions.
GPS Furthermore, the amplitudes and phases of the annual and semi-annual J, variations are closer to the
SLR SLR results with truncated degrees from 2 to 5. Higher truncated degrees will degrade the J, estimate.

Annual J, variations are best estimated from GPS observations with truncated degree 4 and semi-annual
J> variations are best estimated with truncated degree 2.

Regularization method

© 2014 Elsevier Ltd. All rights reserved.

1. Introduction

Because of gravitational and centrifugal forces, the rotating
Earth is a flattened ellipsoid, whose dynamic oblateness is com-
monly called J,. The redistribution of the Earth’s atmosphere, ocean
and hydrosphere fluid masses and the movement within the Earth’s
interior lead to changes of the Earth’s rotational momentum and
Earth’s oblateness (J,) (Cazenave and Nerem, 2002; Jin and Zhang,
2012). The investigation of J, can contribute to understanding of
the redistribution and movement in the Earth’s interior as well as
the interaction and coupling of different components in the Earth
system (Cox and Chao, 2002). In addition, J, has been correlated
with lunisolar precession in astronomy and plays an important role
in the change of the amplitude of nutation. Therefore it is of great
significance to precisely estimate J, and understand its change and
mechanism.

Satellite laser ranging (SLR), a well-established technique, can
well estimate the degree-2 zonal gravitational coefficient, which
has been widely used and studied (Yoder et al., 1983; Cheng
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and Tapley, 2004; Jin et al., 2011). Recently the new genera-
tion of gravity satellites provides a new opportunity to measure
the global time-varying gravity field with high coverage, spatial
resolution and precision. The Gravity Recovery and Climate Exper-
iment (GRACE), a joint mission of US National Aeronautics and
Space Administration (NASA) and German Aerospace Center (DLR),
has made very successful measurements of the Earth’s long and
medium wavelengths of the gravity field (Tapley et al., 2004), which
has been widely used in geophysics, oceanography, hydrology,
glaciology and geodesy (e.g., Rangelova and Sideris, 2008; Jin et al.,
2010, 2012; Jin and Feng, 2013). However, GRACE is not sensitive
to J>.

With the increase of global continuous GPS stations and the
accumulation of observation data at high precision and spatial res-
olution, the longer precise 3-dimensional coordinate time series
can be obtained from GPS, which can be used to estimate the varia-
tions of low degree gravity field coefficients using the least squares
method (Kusche and Schrama, 2005; Wu et al., 2006). However,
the estimation of low degree gravity field coefficients using the
traditional least squares method is subject to ill-conditioned equa-
tions with limited observations and aliasing errors from truncated
degrees. For example, the J, estimated from GPS observations with
a truncated degree 9 has smaller annual amplitude than the SLR
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solution (Jin and Zhang, 2012). In this paper, the Earth’s oblateness
variations are estimated and investigated from global continuous
GPS loading displacements based on a Tikhonov regularization
method with different truncated degrees. Furthermore, the corre-
lation and seasonal variations of J, with SLR solutions are evaluated
and discussed.

2. Theory and methods
2.1. Low degree coefficient estimation

Global continuous GPS observations can measure the 3-D coor-
dinates and according to the theory of Farrell (1972), the surface
load T(£2) results in the change of gravitational potential V(£2) and
the displacement of the solid Earth:
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where H(£2) and L(Q) are the radial and horizontal displacement
at a point (£2=(1,0)), Y,‘fm(.Q) is the spherical harmonic function of
degree n and order m, T,‘fm is the spherical harmonic coefficient of
the surface load density, the average radius of Earth is a=6371 km,
k;,, hy,, I, are the load Love numbers, the average density of water
is pw =1025 kg/m?3 and the average density of the Earth pj is about
5514 kg/m3. The change of surface density Ao can be expressed as
follows (Wahr et al., 1998):

Nmax n
Ao(r, 0) = apw x ZZ(ACﬁm cos mA + ASy,, sin mA)

n=0 m=0

x Pym(cos 6) (2)

where Py, is the associated Legendre polynomial with full nor-
malization, ACJ,, and ASg,,, are the changes in spherical harmonic
coefficients representing the variation of surface density with time,
(ACY,,, ASY,) are related to the change of the geoid (ACS,,,, ASE,.),
the vertical displacement (ACh., ASh_) and the horizontal dis-
placement (ACY,,, AS¥,,) as follows (Wahr et al., 1998):
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For GPS observations, the displacement vector has correlation
with (ACh,, ASh ) and (ACY,, ASS,). Therefore, using the least
squares method, the unknown parameters can be estimated from
GPS 3-D coordinates, including Cyg.

2.2. Regularization method and parameter estimation

A general linear equation can be written as:
Ax=b+¢e,AeR™" x=R",beR™ (4)
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Fig. 1. An example of L-curve.

and unknown parameters can be solved through minimizing the
sum of the square differences, i.e.,

min|Ax — b||3,A € R™" m >n (5)
X

When the coefficient matrices of the normal equation
(ATAX =Ab) are nonsingular, the optimal linear unbiased estimation
solution is easily obtained. In practice, however, the determinant
of the system normal equations is very small, and a slight pertur-
bation of the coefficient matrix (A) will result in a big difference in
the solution. This is an example of ill-conditioning. The condition
number in matrix theory is commonly used to measure the stabil-
ity of the coefficient matrix. The condition number of the matrix
of normal equations is defined as the ratio of the maximum and
minimum eigenvalues, depending on the function model and the
dimension of the coefficient matrix (A). When the function model
is fixed, the larger the dimension number is, the poorer the sta-
bility of equations is. In order to obtain reliable solutions from
ill-conditioned equation, we can add additional constraints based
on a regularization method.

2.2.1. Tikhonov regularization method

Tikhonov regularization is one of the most common regulariza-
tion methods. By adding the boundary conditions, Eq. (5) can be
rewritten as:

m;n{nAx—bn%Hanu%} (6)

where ||Lx||§ is the boundary conditions, A >0 is the regulariza-
tion parameter, which controls the ratio between minimization of
boundary conditions and the residual norm, and can be obtained by
the L-curve method, and L is the regularization matrix (Hansen and
O’Leary, 1993). Eq. (6) is called the Tikhonov regularization crite-
ria, and when L is the unit matrix, Eq. (6) has the standard form of
Tikhonov criteria. The selection of the regularization matrix is the
key to obtaining the reasonable results (Calvetti et al., 2004).

2.2.2. Determination of regularization parameter A
The curve is defined as:

={(Pr, M) : A =0} (7)

where p; = log py, il = 10g ny, p? = |Ax = b|I3, n = |ILx; . Since
the curve defined by Eq. (7) has the shape of the letter L, it is often
called as the L-curve. Fig. 1 shows an example of an L-curve. The
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point on the L-curve with the maximum absolute curvature is com-
monly known as the “apex”, and the regularization parameter of the
apex is the optimal regularization parameter. The curvature k(A ) of
the L-curve is:

5~ P
~ ~\2.3/2
(P + (@)

where p} and 7)) represent the derivation of p, and #); with respect
to A, and p} and #); denote the second derivation of p, and #); with
respect to A. In actual calculation, we get the value according to the
matrix singular value decomposition, and then obtain the interval
ranges corresponding to the regularization parameter of the apex.
The interval is divided by equal intervals on the logarithm, and the
curvature of each point is then calculated (Calvetti et al., 2004).

k(A) =2 (8)

3. J, estimation from GPS-based on the regularization
method

3.1. Observation equations

Since the Earth is not a rigid body, the exchange and redis-
tribution of the atmosphere, ocean, and continental water mass
will cause variations of the solid Earth, gravity field, and the shape
of the solid Earth. Therefore, the Earth’s gravitational loading can
be established from three-dimensional site displacements derived
from GPS observations. If the Earth is assumed to be elastic spher-
ically symmetric and radially stratified and the load is a very thin
layer of Earth’s surface, the surface load deformation can be com-
puted through spherical harmonic coefficients. The seven Helmert
parameters (three translation parameters, three rotation parame-
ters and a scale factor) are introduced to absorb the possible impact
of network transformation, and then GPS station displacements can
be expressed as (Kusche and Schrama, 2005):

Ah = az (ACH. cos mA + ASP. sin mA)Pym(cos 0) + &, - AX — aAs

T sind

v s OPpm(cos 0)
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where Ah, Aeand An are GPS displacement changes in the
height, east and north directions, respectively, (AC",, ASt ) are
the change in spherical harmonic coefficients due to height dis-
placement, (ACY,, AS?.) are the change in spherical harmonic
coefficients due to horizontal displacement, Py, is the normaliza-
tion of Legendre polynomials, &, &, and e, are unit vector in the
east, north and radial, respectively. The degree-1 Love numbers are
used with Iy = 0.134and h} = —0.269 in the center of whole Earth
mass (Blewitt and Clarke, 2003). With the truncated degree N, Eq.
(9) can be written as:

A1x1 +Axx; =b+¢ (10)

where A; and A, are the coefficient matrixes, b is the observed value,
x1 is the surface load coefficient and x, is the Helmert transforma-
tion parameters, which are expressed as:
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Using a seven parameters transformation seems reasonable in
theory, but leads to a high condition number. In the following,
Tikhonov regularization is used to address this problem.

Zm —ACY. sin mA + ASY, cos mA)Pum(cos 0) + & - AX + & - &

3.2. Regularization matrix

The Earth’s surface density anomalies can be expanded by
spherical harmonic coefficients as shown in Eq. (2) with f§, =
PM(cos 0) cos(mA)andf3,, = PT(cos 8)sin(mA). Since there are few
or no GPS stations in the ocean areas, we calculate the integral of
the ocean mass changes as.

a pw// (AO‘) do = a? pwx1 (12)
where
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where f,g =S, or f3,, n=1,..., N;m=0, ..., n, and g* denotes
complex conjugate. If we take M, as a 7t"-order unit matrix, then
the regularization matrix is:
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In order to calculate the spherical integral of the product of

spherical function, the plural form of the spherical functions is
defined as follows:

Yum = PM(cos 0)ei™* (16)
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The inner product of the four spherical functions on the ocean
is as follows:
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Fig. 2. Distribution of selected GPS sites in this study.

If the entire surface of the Earth is divided into Nx2N equiangu-
lar blocks based on latitude and longitude, the following equation
can be obtained

N—-12N-1 Oesr
(Yom, Yis) = Z Zwkl (/ PI™(cos ©)PF!(cos 6)sin 9d0>

k=0 =0 Ok

M i
x ( / e’(’"s))‘dk> (19)
Mk
where
W — 0 land (20)
M=31 ocean

Each element in the first right parenthesis of Eq. (19) is the
integral of the product of two normalized associated Legendre func-
tions, which can be realized by recursion (Mainvile, 1986) or direct
calculation (Pail et al., 2001). The product of the other three spher-
ical functions can be similarly implemented (e.g., Hwang, 1991).

3.3. Tikhonov regularization method inversion

The linear equation for low-degree gravitational coefficients
estimation from GPS data is expressed as:

{

where A is the residual, Q is the error matrix of observation b, and
crg is the variance of unit weight. The regularization matrix is Eq.
(15), so the objective function of weighted Tikhonov regularization
is expressed as follows (Bouman, 1998):

b=Ax+ A,E(A)=0

21
04 =02Q (21

J=11Ax = bIIgy, + AlILXII5 (22)
where Wis the covariance of observation error and a real symmetric
positive definite matrix, so that W can be decomposed into the form
W=PP. With A =PAL~1, X = Lx, then Eq. (22) can be written in a
standard form:

J = IAX — bII3 + AlIRII3 (23)

Once the optimal regularization parameter A has been deter-
mined, we can further obtain

X, = (ATWA + ALTL) ' ATWh (24)
The posterior variance of unit weight is
Ax — b||2, + |Lx|2
52 = Il iy + ILX115 (25)

m

The Variance and Co-Variance matrix of the estimated parame-
teris

Qux, = (ATWA + ALTL) ' ATWAATWA + ALTL) " (26)

3.4. ], estimation from GPS

The International GNSS (Global Navigation Satellite Systems)
Service (IGS) coordinates a worldwide network of permanent track-
ing stations with about 400 GPS stations and provides high quality
data and products for use in GNSS related Earth science research,
navigation application and educational outreach. In this work, we
use 10-year GPS coordinate solutions of 423 continuous GPS sta-
tions (2003-2012) from the Scripps Orbit and Permanent Array
Center (SOPAC) (ftp://garner.ucsd.edu/pub/timeseries). In order to
obtain reliable results, some deformed GPS stations are removed
with deformation residuals between the observed minus estimated
velocity of larger than three times of one sigma based on recent
plate motion model of MORVEL56 (DeMets et al., 2010). In addi-
tion, the GPS sites with anomalous activities, such as earthquake
and antenna change, are removed. Finally about 300 GPS sites are
selected in this study (Fig. 2). Based on the above equations, the
low degree gravity coefficients are estimated from GPS coordinate
time series (January 2003-December 2012), including Cyg. Finally
J» can be estimated as J, = —v/5Cyg.

4. Results and evaluation
4.1. ], time series

A monthly J, time-series is estimated from GPS observations
using the Tikhonov regularization of Eq. (15) from truncated
degrees 2-9. In order to check the results of the proposed method-
ology, the J, variations are also estimated from same observations
based on the standard least squares method (Kusche and Schrama,
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Fig. 3. The monthly J, time-series from SLR and GPS observations based on the
least squares (GPS_LSQ) and the Tikhonov regularization method (GPS_REG) with
truncated degree 4.

2005). For example, Fig. 3 shows the monthly J, time-series from
the least squares (LSQ) and the Tikhonov regularization method
(REG) with truncated degree 4, which agree well with each other
usually.

The monthly J, time-series are further analyzed using their
power spectral density (PSD) as:

N—1 2

P(ei) = 72;1\] > xeik 27)

k=0

where w is the angular frequency, and x, is the time series at time
k. Fig. 4 shows the power spectral density of the monthly J, time-
series from GPS observations using the least squares (LSQ) and the
Tikhonov regularization method (REG) with truncated degree 4.
Significant annual and semi-annual signals are found in all solu-
tions.
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Fig. 4. Power spectral density of J, time series from GPS and SLR.
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Fig. 5. Correlation coefficients of monthly J, time-series from GPS with different
truncated degrees with SLR solution.

4.2. Correlations with SLR

We further calculate the correlation coefficients of the monthly
J> time-series from GPS observations using the least squares
(GPS_LSQ) and the Tikhonov regularization method (GPS_REG) with
SLR-determined results. Here J, from SLR was estimated from
five geodetic satellites: LAGEOS-1 and 2, Starlette, Stella and Aji-
sai (Cheng and Tapley, 2004), provided by the Center for Space
Research, University of Texas at Austin (courtesy of Minkang
Cheng). The background gravity models used in the SLR analysis
are consistent with the GRACE Release-05 processing. Fig. 5 shows
correlation coefficients of the monthly J, time-series from GPS by
different truncated degrees with the SLR solution. The correlation
coefficients from GPS observations based on the Tikhonov regu-
larization method (GPS_REG) are higher than those based on the
least squares method from all truncated degrees, indicating that
J> results can be well estimated using our Tikhonov regularization
method. In addition, the correlation coefficients from GPS results
with truncated degree of higher than 6 are lower, which may be
due to effects of unstable estimate at high degrees due to the lack
of GPS observations. For example, results are not good with trun-
cated degree 9. However, the J, estimates are still closer to the SLR
solution when based on the Tikhonov regularization method.

4.3. Seasonal J, variations

Using the method of least squares fit to a bias, trend and seasonal
terms, the amplitude and phase of the annual and semi-annual J,
variations are estimated as

2
s =a+be-t0)+ Y favcos (U= g )] he (28)

k
k=1

where a is the constant term, b is the linear term, ¢, and ¢, are
amplitudes and phases of the period p; (k=1 and 0.5 year), tg is
January 2003, and ¢ is the residual. Fig. 6 shows the annual ampli-
tudes and phases of J, variations from GPS observations based on
the least squares (GPS_LSQ) and a Tikhonov regularization method
(GPS_REG) at different truncated degrees, SLR and GRACE RLO5,
respectively. The results from GPS observations based a Tikhonov
regularization method (GPS_REG) are closer to the SLR solution than
the least squares method (GPS_LSQ) at the annual scale. In addition,
for GPS_LSQ and GPS_REG, the truncated degrees from 2 to 5 are
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better to estimate the J, variations than other truncated degrees
for annual amplitudes and phases. Furthermore, annual J, vari-
ations are best estimated from GPS observations with truncated
degree 4 (Fig. 7), while models based on GLDAS + GRACE GAC have
larger difference and therefore we do not discuss them further here.
The GLDAS model is the land surface simulation system from the
National Aeronautics and Space Administration (NASA) Goddard
Space Flight Center (GSFC) and the National Oceanic and Atmo-
spheric Administration (NOAA) National Centers for Environmental
Prediction (NCEP), and is the integration of the ground and space-
based high-resolution observations (Rodell et al.,2004). GRACE GAC
is a GRACE Release-05 processing products (representing the ocean
and atmosphere mass variations). Similarly the semi-annual ampli-
tude and the semi-annual phase with truncated degrees from 2 to 5
are also better to estimate the J, variations (Fig. 8) and the truncated
degree 2 is the best for the semi-annual variations (Fig. 9).

5. Conclusion

The Earth’s oblateness variations are estimated from GPS obser-
vations using a Tikhonov regularization method, which is much
better than the standard least squares method when compared to
SLR with better correlations at all truncated degrees. The correla-
tion coefficients from GPS results with truncated degree 6 or larger
are lower and are affected by unstable estimates of higher truncated
degree coefficients due to the lack of GPS observations. For annual
variations, the results from GPS observations based on a Tikhonov
regularization method are closer to the SLR solution than those
from the least squares method. In addition, with truncated degrees
from 2 to 5, the amplitudes and phases of annual and semi-annual
J> variations are much closer to the SLR results. Higher truncated
degrees appear to degrade the J,estimate. Furthermore, annual J,
variations estimated from GPS observations with truncated degree
4 are much better than those with other truncated degrees. Semi-
annual J, variations estimated with truncated degree 2 are much
better than those obtained with other truncated degrees. Since
most GPS stations are located on land and 70% of the Earth’s sur-
faces consist of oceans with fewer GPS stations, and hence there
are less observations from oceanic areas. In the future, J5 variations
will be further estimated from the combination of GPS and ocean
bottom pressure observations data.
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